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Abstract 

We define the notion of antispecial cycles on the Drinfeld upper half plane in 
analogy to the notion of special cycles in [KRl]. We determine equations for an- 
tispecial cycles and calculate the intersection multiplicity of two antispecial cycles. 
The result is applied to calculate the intersection multiplicity of certain degener- 
ate Hirzebruch-Zagier cycles. Finally we compare this intersection multipHcity to 
certain representation densities. 

Introduction 

Let k be an algebraically closed field of characteristic p > 2, and let W = W{k) be 
its ring of Witt vectors. Let i? be a division quaternion algebra over Qp, and let Ob 
be its ring of integers. According to Drinfeld ([D]), a special formal OB-module over a 
Vl^-scheme 5 is a p-divisible formal group X over S of dimension 2 and height 4, with an 
Ofi-action i : Ob End5(X) such that the induced Zp2 05-module LieX is, locally 
on S, free of rank 1. Let Q be the formal model of the Drinfeld upper half plane for 
Qp, and let A4 = Q Xspf Zp Spf W. Recall that Ai represents the following functor on 
the category Nilp of T^-schemes S such that p is locally nilpotent in Os (comp. |BC| or 
[KRlj ). Let X be a fixed special formal O^-module over Spec A;. The functor associates 
to a scheme 5 G Nilp the set of isomorphism classes of pairs {X, g), where X is a special 
formal Og-module over S and where 

Q ■ X xspccfc S ^ X xs S 

is an Os-linear quasi-isogeny of height 0. Here, S = S Xspecvy Spec/c. 
We write 

Zp2=Zp[5]/{5^ -A), 
for some A G which is not a square and write 

Ob = Zp2[U]/{U^ -p), Ua = a''U (a G ^^2). 

Following [KRl] we call an element j G End(X) Qp special if it commutes with 
the Ofi-action and its trace is 0. 



Let * be a Qp-linear automorphism of order 2 of B. By the theorem of Skolem-Noether 
there is some b^^ G B such that * = Int(6*), i.e. x* = b^:Xb~^. The element 6=,, is unique 
up to multiphcation by some element of . We say that an element j G End(X) (8)^^ Qp 
is *-special if jt(a)j^^ = i{a*) Va S i?, and if Sj := i{b^^)j has trace 0. (This means 
that Sj is special, since it follows from the first condition that Sj commutes with the 
Ofi-action.) 

Since * has order 2, it follows that b1 € Qp. We will choose 6* in such a way that 
b1 has valuation or 1. Precisely one of these possibilities can be realized. In the first 
case we call * unramified (since Qp(6*) is an unramified quadratic extension of Qp in this 
case), in the second case we call * ramified (since Qp(6*) is a ramified quadratic extension 
of Qp in this case). Hence b^, is a unit in if * unramified, and 6* = 11 ■ e^,, where 
is a unit in O^, if * is ramified. In the latter case we write b1 = rj^p for some rj^ £ ^p • 
Note that since e* is unique up to multiplication by some element of Zp , it follows that 
the quadratic residue character xi'H*) is well defined. 

Let V[*] be the space of *-special endomorphisms. It is a quadratic Qp-vector space 
via the quadratic form 

= {psjf- 

(The scaling by p is done to facilitate the comparison with special cycles, cf. Theorem 
10.11 Note that the ambiguity in the choice of 6* leads to an ambiguity in Sj and hence in 

X 2 \ 

q. But q is unique up to multiplication by some element of Zp ' .) The quadratic form 
q induces a bilinear form (3 on V[*\ given by /3(ii,j2) = q{ji +32) - q{ji) - q(J2)- If 
j € End(X) (gj^p Qp, we define the cycle Z{j) to be the closed formal subscheme of M. 
consisting of all pairs {X, g) such that g o j o g"^ lifts to an endomorphism of X. If j is 
special, resp. *-special, we call Z{j) a special resp. *-special cycle. 

The content of the first six sections of |KR1| is the description of special cycles by 
equations and the determination of the intersection product of two special cycles. Our 
first aim in this paper is to do the same for *-special cycles. For unramified * and a 
*-special j we have Z{j) = Z{sj), which is a special cycle. For arbitrary unramified * the 
notion of *-special cycles is the same as the notion of special cycles. Hence from now on 
we assume that * is ramified. In this case we call a *-special cycle also an antispecial cycle. 
The notion of antispecial cycles does not depend on the particular *, i.e. all ramified * 
induce the same *-special cycles. We now state our main results on antispecial cycles. 

Theorem 0.1 Let p > 3, and let j € V[*] with q{j) 7^ and Z{j) 7^ 0. Then Z{j) is a 
divisor in M.. We have 

z{j) = zipsjr^^ 

where the upper index pure means the associated divisor of Z{psj), i.e. the subscheme 
defined by the ideal sheaf of local sections with finite support. If p = mod p then this 
statement is also true in case p = 2>. 

For the proof we show first by considering Dieudonne modules that Z[j) and Z{psj) 
have the same /c-valued points. Then we use the known equations for Z{psj) on the one 
hand and Grothendieck-Messing theory on the other hand to give equations for Z{j). 
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We define the intersection product (Z'(ji), Z(j2)) of two antispecial cycles Z{ji) and 
Z{j2) using the general definition in |KRlj . 

Theorem 0.2 Let ji,j2 £ ^i*] such that ji,j2 span a 2- dimensional nondegenerate 
quadratic Ijp-suhmodule ofV[*\. Let 

qUi) ^/3(ii,j2) 

^/3(j2,il) g(j2) 

We suppose that T is GL2{1^p)- equivalent to diag{'qip^^ , r]2P^^) , where ??i,r/2 € 
1 < Pi < P2 for p > 3, resp. I < Pi < P2 for p = 3. Define Ei G and Ui ^ N by 
V*ViP^'~^ = ^iP"'- Then 



«! + a2 + 3 — < 



p("i+i)/2 + 2 P^"'p''f if ai IS odd and xiv^^i) = -1 

(aa -ai + l)p("i+i)/2 + 2 ^'°'^''^ if ai is odd and x(r/*ei) = 1 
I- — ^^771 — 2/ ai IS even, 



where x denotes the quadratic residue character on resp. . 

(Note that by the earlier remarks the values for Ui and x{v*^i) do not depend on 
the choice of This theorem is in fact a simple consequence of Theorem 10.11 and the 
formula for the intersection product of special cycles given in |KR1| which only depends 
on the divisors associated to the special cycles. 

Our second aim in this paper is to apply Theorem 10.21 to compute the intersection 
product of certain degenerate intersections of arithmetic Hirzebruch-Zagier cycles. We 
consider the following moduli problem. Fix a supersingular formal p-divisible group A 
over k of height 4 and dimension 2 which is equipped with an action 

io : End(^), 

such that A is special with respect to this Zp2-action. We further suppose that A is 
equipped with a polarization 

A : A ) A, 

such that for the Rosati involution Lo{a)* = io{a). We consider the following functor 
Ai^^ on the category Nilp. It associates to a scheme S G Nilp the set of isomorphism 
classes of the following data. 

(1) A p-divisible group X over 5, with an action 

to : Zp2 ^ End(X), 

such that X is special with respect to this Zp2 -action. 
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(2) A quasi-isogeny of height zero 

g ■■ A xspecfc S ^ X xs S, 

which commutes with the action of Zp2 such that the following condition holds. Let 
: A-g — > A-g be the map induced by A. Then we require the existence of an 
isomorphism X : X ^ X such that for the induced map A;^ : X^ X^ we have 
X-g = Q o X-^ o g. 

This functor is representable by a formal scheme which we also call A4^^ . (We note 
that by [RZ] the scheme A4^^ can be used to uniformize the completion along the 
supersingular locus of the Hilbert-Blumenthal moduli surface at an inert prime of the 
real quadratic field.) On the isocrystal of ^ we have a perfect symplectic form. We 
define in this context the space of special endomorphisms 

V' = {j G End(A^); j.o(a) = ^o(a")i and j* = j}, 

where * denotes the adjoint with respect to the symplectic form. Then V' is a 4- 
dimensional vector space over Qp with quadratic form 

(Compare |KR2| . §5.) For a special endomorphism j & V we define the special cycle 
Z{j) as a closed formal subscheme of M.^^ as above. In analogy to Theorem 10.11 we 
have the following 

Proposition 0.3 Let j G V' he such that Q{j) 7^ and Z{j) ^ 0. Then Z{j) is a 
divisor in M.^^ . 

Now we fix a special endomorphism ji G V' with jl = eip for some ei G . Let 
V [ji] = {j G F I J -L ii with respect to the bilinear form associated to Q}. 

Let j2,j3 G V^'bi] be such that the Zp-span j = Zpj2 + Zpjs has rank 2 as a submodule of 
V , and such that Q induces a nondegenerate bilinear form on j. We further suppose that 
the matrix of the bilinear form on j associated to Q with respect to the basis j2, J3 is 
equivalent to diag{e2P^^ , SsP^'^) with et G Zp and 1 < /?2 < /^s- We define the intersection 
product by the Euler-Poincare characteristic of the derived tensor product, 

(Z(ji), Z(j2), Z{h)) := xiM""^, Ozu,) Oza,) ®^ ©zOa)), 
which is well defined since Z{ji) n Z{j2) fl Z{j3) is proper over Spec A;. 

Proposition 0.4 Z{ji) is isomorphic to M, such that Z{j,i){^M. fori = 2, 3 can he iden- 
tified with the cycle associated to a ^-special endomorphism for * = Int(5ji) (identifying 
B with ^p2\ji\) . Furthermore 

(Z(ii), z{32), z{h)) = (Z(j2) n M, zih) n M). 

The latter is given explicitly by Theorem 10.21 in case * = Int((5ji). 
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Our third aim is to compare the intersection multiphcity (Z(ji), Z(j2), ^(js)) to 
certain representation densities. To formulate the result, recall that, for S G Symm(Zp) 
and T G Sym„(Zp) with det(S') / and det(r) / 0, the representation density is defined 
as 

apiS,T) = lim p-M2m-n-i)/2 I 1^ g M^,„(Z/p*Z); S[x] - T G p*Sym„(Zp)} | . 
For S as above, let 

Then there is a rational function As^t{X) of X such that 

apiSr,T) = As,Tip-l- 

Let 

a^(S,T) = ^{As,T{mx=i. 

(Compare |KR1| . §7.) Recall our assumption that the matrix of the bilinear form 
on j associated to Q with respect to the basis j2, js is equivalent to diag{e 2P^^ , SsP^^) 
where G and I < P2 < P3- Now let T = diag(eiji, e2^•'^^ £3^^^)- (Then T equals 
the matrix of the bilinear form associated to the quadratic form Q restricted to the Zp- 
submodule j := Zpji 0Zpj2 ©Zpjs of V for a suitable basis of j consisting of a suitable 
basis of j together with ji.) Let S = diag(l, —1, 1, — A). We show the following 

Theorem 0.5 

The proof is by explicit calculation of the r.h.s. and comparing it to the expression 
given by Theorem 10.21 for the l.h.s.. The calculation of the r.h.s. uses a combination of a 
lemma of Shimura ([S]) and a formula for ap{Sr,T) in case S = diag(l, —1, 1, —1) given by 
Katsurada ( |Ka| ) which together allow us to calculate ap{S, T) for our 5 and T explicitly. 

In [KR2] an analogous formula for {Z{ji), Z{j2), -^(js)) is proved in case Q{ji) G Z^ . 
A conjecture of Kudla and Rapoport states that this formula holds in general provided 
that j = Zpji © Zpj2 ® Zpjs is of rank 3 and Q induces a nondegenerate bilinear form 
on j . Theorem 10.51 confirms a special case of this conjecture. 

The paper is divided into five sections. The first section introduces some linear al- 
gebra concerning Dieudonne modules and the notion of *-special endomorphisms. The 
second section introduces Ai and investigates antispecial cycles and their local equations. 
In the third section we investigate intersection products of antispecial cycles and prove 
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Theorem 10.21 In the fourth section we discuss the apphcation to arithmetic Hirzebruch- 
Zagier cycles, and in the fifth section we prove Theorem 10.51 

I want to conclude this introduction by thanking those people who helped me to 
write this paper. In particular I thank M. Rapoport for suggesting this topic and for his 
stimulating support during the work. My deep thanks go to U. Gortz for many hours 
of patient help. Thanks are also due to Prof. Katsurada who gave the crucial hint how 
to calculate the representation densities and to Prof. Messing for helpful comments on 
p-divisible groups. Finally, I thank Prof. Kudla for alerting me to a mistake in a first 
version of this paper. 

1 Special Dieudonne modules with O^-action, O^-lattices 
and *-special endomorphisms 

As in the introduction, let k be an algebraically closed field of characteristic p > 2, let 
W = W{k) be its ring of Witt vectors with fraction field Wq, and let a be the Probenius 
automorphism of W. Also, let i? be a quaternion division algebra over Qp, and let Ob 
be its ring of integers, which we identify with 

Ob = Zp2[n]/(n2 -15),na = a^U Va G Zp2. 

As in the introduction, we also write 

Zp2 = Zp[6]/{6^ - A) for some A G \ Z^'^. 

We will regard Zp2 as a subset of W (the set of elements fixed by cr^). Let (M, F, V) be 
a Dieudonne module of height 4 and dimension 2. It is a free T^-module of rank 4 with 
a a-linear resp. (j~^-linear endomorphism F resp. V satisfying VF = FV = p, and for 
which the fc-vector space M/VM has dimension 2. Now we assume that M is equipped 
with an O^-operation, i.e. an action t : Ob — »■ End(M) commuting with F and V. Prom 
the action of Zp2 we obtain a Z/2-grading, 

M = Mo eMi, 

where 

Mq = {m G M I i{a)m = am Va G Zp2}, 
Ml = {m G M I i{a)m = a^m Va G Zp2}. 

If we denote by the isocrystal of M (i.e. the W^-vector space M Wq equipped 
with the induced notions fiir F and V and the O^-action), we also obtain a Z/2-grading, 

N = Nq®Ni. 

Definition 1.1 A special Dieudonne module with OB-action is a Dieudonne module 
(M, F, V) over W of height 4 and dimension 2 which is equipped with an O^-action such 
that the /c- vector spaces Mq/VMi and Mi/VMq are one dimensional. 
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If {M,F,V) is a special Dieudonne module with Os-action and if i € Z/2, we say 
that the index i is OB-critical (for M), if VMi = t(n)Mj. Further M is called Ob- 
superspecial, if both indices 0, 1 are O^-critical. Finally, M is called OB-ordinary, if only 
one index is O^-critical. 

Definition 1.2 Let {M,F,V) be a special Dieudonne module with O^-action, and let 
A'^ be its isocrystal. An OB-lattice in N is a. free VF-submodule L of rank 4 in N, which 
is spanned by a basis of N and which is stable under F and V and under l, and for which 
the /c-vector spaces Lq/VLi and Li/VLq have dimension 1. (Here, as usual, L = Lq(BLi 
is the Z/2- grading obtained from the action of Zp2.) 

Let us fix M and hence also fix for this section. Then an O^-lattice L is a special 
Dieudonne module (with O^-operation) together with an isomorphism of isocrystals 

L(g)wWQ^ N, 

i.e. an isomorphism of vector spaces which commutes with the endomorphisms F, V and 
the operation of O^- 

Lemma 1.3 Let L be an OB-lattice, and let i E Z/2. Then 

(i) the inclusions pLi C VLi-^i C Li are both of index 1. 

(a) the inclusions pLi C i(n)Lj_(_i C Li are both of index 1. 

Proof. The first statement is essentially the assumption that L is special, for the second 
see [BC|. chapitre II, Proposition 5.1. □ 

Lemma 1.4 (i) Any OB-lattice L has an OB-critical index, 
(a) There exists an OB-superspecial OB-lattice. 

Proof i) See [KRI] . p. 165. 

a) Let L be an O^-lattice, and let i G Z/2 be Os-critical. By the theorem of 
Dieudonne ([Z], Satz 6.26) we can choose a basis ei,e2 of Lj satisfying IT ^Vei = e^. 
Then the O^-lattice spanned by ei, 62, 63 = Vei and 64 = p~^Ve2 is superspecial. □ 

Definition 1.5 A basis ei, 62, 63, 64 of is called a standard basis, if 61,62 € Nq, and 
if the relations V6i = Ilej for i = 1,2 and 63 = Vei and 64 = p~^Ve2 hold. 

It follows from the proof of Lemma [L4l [ii) that there is a standard basis of N. 

Lemma 1.6 Any superspecial OB-lattice is the W-span of some standard basis of N. 

Proof. Let L be a superspecial Os-lattice. Then Lj = L^ W for i = 0,1 (see the 

proof of Lemma [L4l (ii))- It follows from Lemma [L3] that the inclusion VLJ^ C L^ 
has index 1. By the elementary divisor theorem we can choose a basis 63,64 of L^'^ 
such that 63,^64 is a basis of VL^ ^ . Setting 61 = ^^"^63 and 62 = V'^pe^ we get the 
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desired basis 61,62,63,64. 



□ 



Denote by End(A^, V) the space of endomorphisms of which commute with V. 
Following [KRT] we call an element j S End{N,V) special if it commutes with the Ob- 
action and its trace is 0. We denote the space of special endomorphisms by V. Note 
that, by restricting an element y & V to the fixed (Qp-)module A^'q' ^, we can identify 
V with M2(Qp)°, the space of traceless matrices in M2(Qp), cf. [KRT| . (2.2). 

Let * be a fixed Qp-linear automorphism of order 2 of B. By the theorem of Skolem- 
Noether there is some & B such that * = Int(6*), i.e. x* = b^xb~^. The element b^ is 
unique up to multiplication by some element of . 

Definition 1.7 An element j G End(A^, V) is *-special if the following conditions are 
satisfied. 

1. ) jiia)r^ = L{a*) Va G B, 

2. ) Sj := i{b^^)j has trace 0. 

Note that this definition is equivalent to the condition that Sj is special since the 
first condition is equivalent to the condition that Sj commutes with the Os-action. Note 
also that the second condition is independent of the choice of b^ since 6* is unique up to 
multiplication by an element of Qp . We denote the space of *-special endomorphisms by 
V[*]. 

Since * has order 2, it follows that b1 G Qp. We will always choose 6* in such a way 
that bl has valuation or 1. Precisely one of these possibilities can be realized. In the 
first case we call * unramified (since Qp(6*) is an unramified quadratic extension of Qp 
in this case), in the second case we call * ramified (since Qp{b^) is a ramified quadratic 
extension of Qp in this case). Hence 6* is a unit in if * is unramified, and 6=,, = 11 • 
where is a unit in Ob, if * is ramified. In the latter case we write bl = rj^,p for some 
??* G . 

2 Antispecial cycles 

Before we come to the definition of antispecial cycles we recall some definitions and 
statements of |KR1| . §1. 

A special formal Ob -module over a W^-scheme is a p-divisible formal group X over 
S of dimension 2 and height 4, with an O^-action l : Ob ^ Ends{X) such that the 
induced Zp2 O^-module LieX is, locally on 5, free of rank 1. We fix a special formal 
Ofi-niodule X over Spec A;. Let us consider the following functor Ai on the category Nilp 
of VF-schemes S such that p is locally nilpotent in Os- It associates to a scheme S G Nilp 
the set of isomorphism classes of pairs {X, g) consisting of a special formal O^-module 
X over 5 and an Os-linear quasi-isogeny of height zero, 

: X X Spec k S ^ X Xs S, 
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where S = S XspecW Spec/c. The functor Ai is representable by the Dehgne-Drinfeld 
formal scheme Xspf Zp Spf W. Denote hy B = B{PGL2{Qp)) the Bruhat-Tits building 
of PGL2{Qp). The formal scheme Q is obtained by glueing formal open subschemes Qa, 
where A runs over the simplices of B. We will only need to know for A = standard 
vertex and A = standard edge. So let A = [Aq] be the homothety class of the standard 
lattice 

Ao = [61,62], 

where [61,62] here denotes the Zp-span of the standard basis in Qp. Then 

f^Ao = Spf Zp[r,(rp-r)-Y- (2.1) 

Here, ^ denotes the p-adic completion. If A = Aq = ([Aq], [Ai]) is the standard edge 
corresponding to Aq = [61,62] and Ai = [^61,62], then 

Oao = Spf Zp[To,T,,{l-T^'y\{l-TrYY/{nT^-p). (2.2) 

Any fc- valued point of Ai corresponds to a special Dieudonne module with an Ob- 
action (as defined in section 1). We may choose X in its isogeny class so that its 
Dieudonne module L is Os-superspecial. By Lemma [L6l we therefore find a standard ba- 
sis 61, 62, 63 = 1161, 64 = p~^Ile2 of L. We suppose that the isocrystal considered in the 
preceding section equals the isocrystal of L. Then any /c- valued point of ^A corresponds 
to a Ofi-lattice (in A'') defined as above. The superspecial points (i.e. those fc-valued 
points of A4 whose Os-lattice is O^-superspecial) are in one-to-one correspondence with 
the edges in B. This correspondence can be chosen in such a way that L corresponds to 
the standard edge Aq defined above. In the formal scheme Q Xspf Zp Spf W the point 
p^Ao corresponding to Aq lies in J^Ao ^Spf Zp Spf W and is given there by the equations 
Tq = Ti = 0. Any ordinary fc-valued point of ^A (i.e. whose O^-lattice is Os-ordinary) 
corresponds in xspf Zp Spf W to a /c- valued point of some Q\ Xspf Zp Spf W for some 
vertex [A] G B. 

Since the isocrystal of X equals A'^ we can make the following 

Definition 2.1 Let j G End(A^;y). Then the cycle Z{j) associated to j is the closed 
formal subscheme of Ai consisting of all points {X, g) such that g o j o g^^ lifts to an 
endomorphism of X. If j is a special endomorphism, then Z{j) is called a special cycle 
cf. |KRlj . Definition 2.1. Let * be a Qp-linear automorphism of order 2 of B. A * -special 
cycle is a cycle of the form Z{j) for some j which is *-special. An antispecial cycle is a 
cycle of the form Z(t(n)y) for some special endomorphism y. 

The fact that Z(j) is a closed formal subscheme of Ai follows from |RZ| . Proposition 
2.9, see also [KRT] . p. 167. 

Remark 2.2 Let e G Og, and let j,j G End(A^; V) be such that j = i{e)j. Then since 
l{£) is invertible, it follows that Z[j) = Z{j). 
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Suppose we are given a Qp-linear automorphism * of order 2 of B. If * is unramified 
and j is ^-special, then it follows from Remark 12.21 that Z{j) = Z{sj), hence Z{j) is a 
special cycle. (Recall that Sj = L.{b~^)j and is a unit in Ob-) Conversely, it follows 
again from Remark 12.21 that every special cycle is *-special for arbitrary unramified *. 
Since equations for special cycles are known from |KR1| . in the sequel we will exclude the 
case that * is unramified. Therefore, in the sequel we assume that * is ramified. Recall 
that 6* = n • where G in this case. It follows again from Remark 12.21 that for 
arbitrary ramified * a cycle is *-special if and only if it is of the form Z(i(n)y) for some 
special endomorphism y, i.e. it is an antispecial cycle. In particular it follows that the 
notion of *-special cycles does not depend on the particular choice of the (ramified) *. 
We now fix a ramified * for this section. 

Let j e V[*]. By Remark [2?2l we have Z{j) = Z(/,(n)sj). A A;- valued point of M 
belongs to Z{j) if and only if the O^-lattice corresponding to that point is mapped by 
j (or, equivalently, by t(n)sj) into itself. If L is an Os-lattice, this means tilVjSjL C L 
and implies psjL C L. From this we see i'p{det{sj)) > —1, where Up is the valuation 
associated to p. So, in investigating Z{j) we may assume fp(det(sj)) > —1, otherwise 
Z{j) = 0. 

Now, given a *-special endomorphism j and an O^-lattice L = Lq (B Li, we want to 
investigate under which conditions the inclusion jL C L holds. Since IIA^o = -^i and 
IIA'^i = Nq, we see that jL C L holds if and only if JLq C Li and jLi C Lq. 

If is Oe-critical we set Aq = Lq and Ai = VLi C Aq. These are lattices in 
Nq. The condition jL C L then translates into the conditions V i(Jl)sjLQ C VLi and 
i(Jl)sjVLi C VLq, hence 

jL C L <J=^ psjAo C Ai and SjAi C Aq. (2.3) 

If 1 is Ofi-critical we set Aq = VLq und Ai = Li. We then get an analogous condition 
to (12. 3p where the roles of and 1 are interchanged. 

Now we assume, for example, that is O^-critical. By the elementary divisor theo- 
rem, there is a W^-basis /i, /2 of Aq for which p/i, J2 is a basis of Ai. 

lipsjAQ C yli, we can write 

psjfi = pafi + c/2 where a,c G W, (2.4) 
and if sjAi C Aq, we can write 

Sjf2 = bfi + df2 where b,d£W. (2.5) 

Conversely, if (|2.4p and (12. 5|) are satisfied, so is the condition of (|2.3|) . So, given L 
(where is Os-critical) and hence given Aq and Ai, we have jL C L if and only if there 
is a M^-basis /i, /2 of Aq such that (|2.4p and (|2.5|1 hold. The case where 1 is O^-critical 
is treated in the same way. (One just has to replace ^0 by Ai and conversely in the 
above reasoning.) 

Thus we have shown the following 
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Lemma 2.3 Using the notations just introduced and assuming that i G Z/2 is Os-critial 
for L we have jL C L if and only if there is a W -basis fo, fi of Ai for which the matrix 
expressing sj in /o,/i has the form 

J where a,b,c,d e W. (2.6) 
p c dj 

□ 



Proposition 2.4 Let j be an *-special endomorphism, where fp(det(sj)) > —1. Then, 
regarding psj as a special endomorphism, we have an equality of k-valued points 

Z{j){k) = Z{ps,){k). 

Proof. It is clear that Z{j) = Zijlsj) C Z{psj), hence Z{j){k) C Z{psj){k). 

Conversely, given a fc- valued point [X, g) of Z{psj), let L = Lq 0Li be its Dieudonne 
module which we can regard as an O^-lattice in N. Assume (for example) that is 
Ofi-critical. Since psjL C L, we have inclusions 

psjLo C Lo and psjVLi C VLi. (2.7) 

Since the inclusion VLi C Lq has index 1, there is a T^-basis /i,/2 of Lq for which 
pfii f2 is a VF-basis of VL^. Because of (|2.7|) we see that in the basis /i,/2 the endo- 
morphism psj has matrix 

psj = ^ where a,b,c £ W, 

and hence det(sj) = — p~^a^ — p^^bc. But Up{det{sj)) > —1, so we conclude that a 
is divisible by p. Therefore the matrix of Sj can be written in the form 

'^1 ^1 where a,b,c £ W. 
p c —a) 

From Lemma [23] we therefore see that (X, q) also belongs to Z{]). □ 



Given an *-special endomorphism j, we want to determine local equations for Z{j). 
This will be done with the help of the Grothendieck-Messing theory. We summarize 
below the facts from this theory which we will need. 

Let j4 be a local Artin ring with residue field k (which is algebraically closed), and 
assume that ^ is a VF-algebra. Then p G A is nilpotent. Assume that the maximal ideal I 
of A (which is nilpotent) carries a nilpotent pd-structure (in the sense of [M], chapter III, 
Definition LI). Let be ap-divisible group over k of height 4 and dimension 2. Denote 
by L the Dieudonne module of Xq, and define P(Xo)fe = L®-\^k and P(Xq)a = P^w A. 
Let Tk = VL/pL C P{Xq)i^. This gives us the Hodge filtration 

O^Tk^ P{Xo)k ^ L/VL ^ 0. (2.8) 
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To a lifting X over A of Xq corresponds a lifting of the Hodge filtration (of A-modules), 

^ ^ P{Xq)a Lie(X) ^ 0, (2.9) 

where ^ is a direct summand of P{Xq)a of rank 2, and where (|2.9|) lifts (12. Sp . 

This establishes an equivalence of categories between the category of liftings of Xq 
over k to some X over A and the category of liftings of the Hodge filtration (|2.8I) to 
filtrations of the form (|2.9p . 

An endomorphism (f) : Xq — > Xq gives rise to an endomorphism ^ : L ^ L. Then 
(j) lifts to an endomorphism of X if and only if the endomorphism induced by $ on 
P{Xo)a maps the submodule into itself. (In this situation we will denote the induced 
endomorphism by $ as well.) Now assume that Xq is equipped with an O^-action 
L : Ob —>■ EndA:(Xo). Then we get an O^-action l : Ob ^ End(L). We apply the 
equivalence of categories just mentioned to get the following 

Proposition 2.5 Using the same notations as above, the following categories are equiv- 
alent 

(i) The category of liftings of Xq to A, also lifting the OB-action 

(a) The category of liftings of the Hodge filtration 112. 8\) to P{Xq)a which are stable 
under the induced Os-action. 

□ 

Lemma 2.6 The rings A = W/p"^ for n € N and ifp > 3 also the rings A = W[x]/ (rr^ — 
pe,x^), where e G and r > 2 satisfy the requirements of the Grothendieck-Messing 
theory mentioned above, i.e., they are local Artin rings and W -algebras with residue field 
k, and their maximal ideals carry a nilpotent pd-structure. 

Proof, i) A = W/p^ is obviously a local Artin ring and a W^-algebra in the natural way. 
That I = (p) carries a nilpotent pd-structure can be seen as follows: If we denote by Up 
the valuation associated to p we have for any positive integer i, 

Eoo i ^ — ^oo i i 
\—r] < > —r = -<i = vJv^). 

(Here, [ ], denotes Gauss-brackets. The first inequality uses p > 3.) This shows that 
for any z £ I we have a well-defined expression and that there is some N such that, 
whenever ni + ... + nj > N we have ^ • ... • ^ = for all z £ I. Hence we see that I 

— n\\ Till 

carries a nilpotent pd-structure. 

ii) A = W[x\/ {x^—pe, x^) clearly is a local Artin ring and a VF-algebra in the canonical 
way. Let Vx denote the valuation associated to x. To see that / = (x) carries a nilpotent 
pd-structure we consider ^'^(^O for any positive integer i. Now, ^'^^(i!) = 2 • t'p(i!), and 
since p > 5, 

Hence we see as above that there is a nilpotent pd-structure on /. □ 
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Proposition 2.7 Let n € N, and let j be a ^-special endomorphism with fp(det(sj)) > 
— 1. Then Z{j) and Z{psj) have the same W /p^-valued points, 

ZU){W/p^) = Z{ps,)iW/p^). 

Proof. The case n = 1 is treated in Proposition 12.41 so we may assume that n > 2. Since 
Z{j) = Z{Usj) C Z{psj), it is enough to show that Z{psj){W/p'') C Z{Usj){W/p''). 
We fix a fc-valued point {Xk,Qk) of Z{psj) and consider hftings to W/p'^ with the 
Grothendieck-Messing theory. Let L be the Dieudonne module of {Xi^,qi^). Let P = 
L/p^L. Then the Hodge filtration of {Xk,gk) is given by VL/pL C L/pL. By Propo- 
sition 12.51 and Lemma 12.61 to a lifting {X, g) of (X^, g^) over W/p"- (within Z{psj)) 
corresponds a lifting of the Hodge filtration T d P stable under the O^-action and 
under psj. 

From the action of Zp2 we obtain Z/2-gradings, 

^ = j-Q e j-i 

and 

P = Poffi^i. 

Let =< /o > and J^i =< fi > for suitable elements fi € Pi. 
Claim: For some units eo,ei we have either 

UTo = eiph andUTi = eoh, (2.10) 

or 

Uf^ = e{h andUh = eoph. (2.11) 

To see this, choose preimages /o G Lq of /o and /i G Li of /i. Since ULi C ^i+i, we 
have 

n/o = Sip'^Vi and n/i = eoP^Vo +p"eo, 

for some integers uq, i^i, some units eo,ei and some G Therefore, for some H e L, 
we have 

and hence (using n > 2) we get 1^0 + ^^1 = 1) i-e. either f o = and i^i = 1 or i/q = 1 and 
1/1=0. This confirms the claim. 

Because of the symmetry of (12.10(1 and (12. lip , we may, for example, assume that 
()2.10|) holds. By replacing /o by H/i and thereby changing /o only by a unit and not 
changing J- we can assume that 

n/o = pfi and n/i = /o. 

We choose € Pq with preimage Iq G Lq and li G Pi with preimage G Li such that 
P =< Iq, /o, h, fi >. By Nakayama's lemma we also have L =< Iq, /q, h, fi >. Let 

nZo = all + 6/i and Uli = cIq + dfo where a, b,c,d & W, 
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then 

plo = a{do + dfo) + bfo, 

hence ac = p and ad + b = 0. 
Claim: a is a unit. 

To see this, assume that a is divisible by p. Then b is also divisible by p. Therefore, 

ULo = < n/o,mo > = < pfi,p{-ii + -/i) > . 

p p 

But this contradicts the fact that Li/ULq is a fc- vector space of dimension 1. Therefore 
o is a unit which proves the claim. 

By Proposition 12.41 we have IISjL C L. Writing 

Sjfo = rlo + sfo 

we may assume i^p{r), i^p{s) > —1, where Up is the valuation associated to p. (This follows 
»from IlsjL C L and hence p,SjL C L.) We now want to show that Hsj-JT c J^. If / G L, 
denote by I its image in P. First, 



Usjfo = Usjfo = SjUfo = Sjpfi = psjfi G JF, 
since psjj^ C J^. Therefore, 



T 3 Usjfo = Usjfo = n(r/o + sfo) = r{ah + bf{) + psfi. 

Now, r{ali + bfi) + psfi G L, and a is a unit, hence t'p(r) > and further, since 
r[ali + bfi) + psfi G J^, and a is a unit, we even have r = mod p". Now, L 9 Hsj/i = 
Sj/o, so fp(s) > 0. Since r = mod p", we get 



This completes the proof. □ 

In the following statement we denote by an upper index "ord" the intersection with the 
ordinary locus of Ad resp. i.e. the open formal subscheme formed by the complement 
of the superspecial points. 

Proposition 2.8 Let j be a *-special endomorphism with f' ^ 0, where fp(det(sj)) > 
-1. Then 

zijr'^ = z{ps,r\ 

Proof. It is clear that Z{i)°'"^ C Z{psjY'"^. Let [A] be a lattice in order to 

show Z{j) n (r2[A] Xspf ip Spf W) = Z{psj) n (^^[a] xgpf i^ Spf W) we may assume that 
[A] = [Aq] is the standard lattice, cf. }KR1| . Proposition 3.2. We write in the basis ei, 62 
of A^o 

fa b \ m f'cL b 
^'^ = [c -a]=P ■[-c -a 
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where a,b,c G Zp are not simultaneously divisible by p. The equation for Z{psj) R 
{^[A] Xspf Zp Spf W) can be written as 

pm . (pt2 _ ^-j. _ c) = 0, 

see |KR1| . Proposition 3.2. Let Z{i) n (f^[A] xgpf Spf W) be described by the Ideal / of 

W[T, (TP -T)-i]^ as a closed subscheme of J][a] Xgpf Spf = Spf W[T, (T^ -r)~Y 
(comp. (I2TH ). 

Claim: Every element of I is divisible by {hT"^ — 2aT — c) . 
If 

Spf W[T, {TP - T)-Y/{bT^ - '^aT - c) 

is not empty, then (by [KRlj . Proposition 3.2) it meets the special fibre of Z{psj) in two 
different ordinary points. Prom the form of the matrix in (|2.6|1 (for some basis of A), we 
see that the rank of the matrix obtained from psj by reduction mod p is at most 1. On the 
other hand, in |KR1| . Proposition 2.3 it is shown that if Z {psj){k)ri{Q[A] xspf ZpSpf W) 7^ 
0, then this rank equals or 2. Hence we conclude that psj is divisible by p. Hence 
Sj{A) C A. Therefore, 

Spf W[T, {TP - T)-Y/(bT^ - '^aT - c) C Z{sj) C Z{j), 

as asserted. 

Claim: Every element of I is divisible by p^ ■ (hT"^ — 2aT — c) . 

Suppose there is an element Q & I which is not divisible by • (bT"^ — 2aT — c). By 
multiplying with a suitable power of p we may suppose that Q is divisible by p'^^^(bT'^ — 
2aT — c) and write 

Q = q . p"'-^ ■ {bT^ - 2aT -c), 

where we may suppose that g is a polynomial in T in which no coefficient is divisible by 
p. (This assumption is allowed, since 

(p™-(6T2-2ar-c)) C/, 

which follows from the inclusion Z{j) C Z{psj).) 
Let q be the image of 

q ■ {bT'^ - 2aT - c) • (T^ - T) 

in k[T]. By Gauss' lemma q ^ 0, and we can find t & with g(r) 7^ 0. Choose a 
preimage t G VF/p™ of r. Then q{t) ■ {bt^ - 2at - c) • {fP - t) is a unit in W/p"^. 

Now we are ready to apply Proposition 12.71 which says that any VF/p"^- valued point 

(/) : W[T, {TP - T)-Y/{P"" ■ {bT"^ - "^aT - c)) W/p"^ 

factors through W[T, {TP - T)-^]^/L 

Define </> by (t){T) = t and to be T^-linear. Then (j){Q) = Q{t) / 0. But then cp does 
not factor through W[T, {TP — T)^^]^/I. This contradiction proves the claim. 
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Altogether we get 

{p'^ ■ (bT^ -2aT -c)) die {p"'-{bT^-2aT-c)), 
and therefore Z{j)°"^ = Z{psj)°"^. □ 

The next proposition gives local equations of Z{j) for a *-special endomorphism j 
in a neighborhood of a superspecial point. Any superspecial point x corresponds to a 
simplex A = ([A], [A]). We may suppose that A = Aq = ([Ao],[Ai]) is the standard 
simplex (see |KR1| . Proposition 3.3.) We then have x € Z{psj) and, with respect to the 
basis ei,ei of A'o, we write again 




Let g be a special endomorphism with (7^ 7^ and Vp{det{g)) > 0. In [KR1| . Propo- 
sition 3.3 local equations for the special cycle Z{g) are given, where the following three 
cases are distinguished: 

(i) [Aq] is strictly closer than [Ai] to the fixed point set in the Bruhat-Tits-building 
B. 

(ii) The fixed point set B^ is the midpoint of A, i.e. [Aq] and [Ai] both have distance 
1/2 to B3. 

(iii) A lies in the fixed apartement B^ , i.e. [Aq] and [Ai] both have distance to 

In the following proposition we follow these cases for the special endomorphism psj to 
give local equations for Z{j) (in case ^ with i'p{det{sj)) > —1) in a neighborhood 
of the superspecial point x = ptj\. Using these notations and the description for ™ 
(1221) we state 

Proposition 2.9 Let p > 3. Let x = pt^^ he the superspecial point as above. 

(i) Suppose [Aq] is strictly closer than [Ai] to the fixed point set B^K We then have 
m > 1, and Z{j) is locally around x given by the equation 

To ■ p™-! = 0. 

(ii) Suppose B^^ is the midpoint of Aq. Then b is divisible by p, and Z{j) is locally 
around x given by the equation 

p"-(6oTo-2a-cri) = 0, 

where b = p ■ bo- 

(iii) Suppose Aq lies in the fixed apartement B^i . Then m > 1, and Z{j) is locally 
around x given by the equation 

= 0. 
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Proof of i). We have m > 1, and there is an (affine) neighborhood of x in which Z{psj) 
is given by the equations, 

T^p™-! = p"^ = 0, 

see |KR1| . Proposition 3.3. (All references to |KR1| in this proof refer to Proposition 
3.3.) Let this neighborhood be given by 

SpfW[To,Ti,^-Y/{ToTi-p), 

for some 

7GH^[To,ri]^\(To,ri,rori-p) 

which is divisible by (1 - r^"^)(l - Tf"^). Then Z{j) is in this neighborhood given by 
an ideal / of the ring 

R := W[ro,ri,7-Y/(Tori -p,T2p— \ P-) 

as a closed subscheme of Z{psj). 

Suppose there is an element Q of I which is not divisible by p"^~^. By multiplying 
with a suitable power of p we may suppose then that Q is divisible by p"^"^ and write 

I — U J — 1 

where the and bj are either units in W or zero, and where rj ^ R. Let q = Q/p"*"^. 
Claim: a, = Vi. 

To see this, suppose there is an / 0. Let q be the image of g • 7 in fc[To, Ti]. Since 
7 ^ (To, Ti, TqTi —p) = (To, Ti,p), we find t G such that g(r, 0) / 0. Let t be a lifting 
of r in W^/p"*"^. We are going to apply Proposition 12.71 again which here says that any 
W/p"^~^ -valued point 

(P-.R^ W/p""-^ 

factors through R/I. Now define (j) by (/>(To) = t, (j){Ti) = p ■ t"^ and to be 1^-linear. 
Then (j) is well defined {(pi'f) is a unit) but 4>{Q) = Q{t,p ■ t~^) ^ 0, since the image of 
Q{t,p ■ t^^)/p™^^ in k equals g(r, 0). Therefore (j) does not factor through R/I. This 
contradiction confirms the claim. 

In the same way one sees that bj = Vj. This shows that any element of / is divisible 
by p"*"^. Now we show that any element of / is divisible by Tq ■ p'^~^. Any Q ^ I can 
be written as 

Q = a-p^-^To + P"^-' -Y^^^^b.Ti, 

where a and all bj are either units in W or zero. Let q = Q/p^'^ . 
Claim: hj = Vj. 

Assuming there is a bj / 0, we find again t G k^ such that ((?-7)(0, r) does not vanish 
in k. We lift r to t e W/p"^ and define a W^-hnear W/p"^-va\ued point cj) : R ^ W/p"^ 
by (/'(To) = p ■ and = t. We see as above that it does not factor through R/I. 
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This contradiction shows that all bj vanish. Hence either I = • Tq) or I = 0. To 

confirm the claim of (i) it is thus enough to show that / 7^ 0. 

In order to show that I 7^ 0, we show the existence of an W[z]/{z'^ — p, ^j™)-valued 
point of Z{psj) whose underlying /c- valued point is x, and which does not belong to Z{j). 
By the Grothendieck-Messing theory, this can be done by constructing a lifting of the 
Hodge filtration of x over W[z]/{z'^ — p, p^) which is stable under psj, but no stable 
under j. 

Let L be the Dieudonne module of x. Then a basis of L is given by 61,62,63 = 
Hei, 64 = p~^H62, since x corresponds to the standard simplex Aq, i.e L = L. Let 

L, = L®wW[z]/{z^ -p), 

and let 

P = L®wW[z]/{z^ -p,p'^)=L,/p^L,. 

Define 

/o = 62 + z{ei + 62) G Lz, 
fi = 63+^64 + 2:64 € L^. 

Denote by /o resp. fi the image of /o resp. /i in P, and define a filtration ^ ^ P by 
= < /o, /i >. To see that it lifts the Hodge filtration of x we note that the image of 

^ in L iSiw k equals the span of the images of 62, 63, and this is the image of HL = VL. 

Further we have H/q = zfi and H/i = z/o which shows that is O^-stable. 

The map psj induces on P the zero map, in particular is stable under it. Now let 

us show that T is not stable under Hsj. For / € Lz let us denote its image in P by Z. A 

short calculation shows 

Hsj/o = + zp™-ia + zp™- 16)63. 

Let us suppose this is contained in T. Then we can find r G W[z\/{z'^ — p) with r/i = 
Hsj/o, hence res = nsj/o and r(p + 2)64 = and hence, 

r = p'^-^b + zp'^-^a + zp'^-^b mod p™, 
{p + z)r = mod p™. 

But if we multiply the first congruence by p + z , we see that the second is not fulfilled, 
since b is not divisible by p, see |KR1| . Hence indeed IlsjJ^ ^ J^. 

Proof of a). We consider the (affine) neighborhood of x given by (12. 2p 

SpfW[To,Ti,j-Y/inTi-p), 

where 

7 = (i-To^-^)(i-rr^). 
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By |KR1| in this neighborhood Z{psj) is described by the equations 

p'^ToiboTo -2a-m)= f^T^ihon -2a-cT^) = 0. 
Then Z{j) is given by an ideal / of the ring 

R := W[To, Ti, 7- Y/(Tori - p, p'^ToiboTo - 2a - cTi), p'^T^iboTo -2a- cTi)) 

as a closed subscheme of Z{psj) in that neighborhood. 

Claim: Any element of I is divisible by &o^o — 2a — cTi . 

(In case m > 1 this is clear, since then Z{sj) C Z{j) and the ideal of Z{sj) is 
contained in (60T0 — 2a — cTi).) Let 

S = W[To, Ti, 7- Y/(Tori - p, boTo -2a- cTi). 

Denoting the image of I in 5 by /, we must show that 1 = 0. Prom the relations 
TqTi —p = and 60^0 — 2a — cTi = and the fact that bo and c are units (see [KR1| ). we 
get Ti = c~^(6oTo — 2a) and Tq = 2abQ^To + pcbQ^ , showing that any element in S and 
so in particular any Q G I can be written in the form Q = tTq + s, where r,s£ W. Now 
let £ = (^)^P + ^ (note that a is divisible by p, see |KR1| ) and define for any n E N a 
VF-linear homomorphism 

^^:S^W[z]/{z'-ps,pn, To^^+z, T^^^^. 

One easily checks that 0„ is well defined. Let vr : R — > S be the canonical projection. 
Consider for any n the W[z]/{z'^ — pe,p")-valued point of Z{psj), 

an = (pn o : R — > W{z\l{z^ - p£,p^). 

These maps are compatible with varying n. We want to show that is also a W[z]/ {z^ — 
pe,p")-valued point of Zijisj). Let L = L be the Dieudonne module of x, let = 
L®w W[z\/{z'^ —p^), and let J^n ^ Lz/{p'^Lz) be the Hodge filtration associated to a„. 
Then J^n = ^n+i/{p^Lz), since the p-divisible group corresponding to lifts the one 

corresponding to an- Let J-n+i =< /oi/i where is contained in the index z-part 
of Tn+i- Further, for i G Z/2, let /j be a lifting of fi in Lz- Since psjTn+i C Tn+i, we 
have psjfi = Xifi + p""*"^^ for some Aj G W[z]/{z'^ — P^) and some ^ € Lz. Therefore 
pUsjfi = Xfi+i + p"^"*^^ for some Aj € W[z\/{z'^ — P^) and some ^ G L^. Because 
of Proposition 12.41 we have HsjLz C Lz, hence pllsjfi G pLz. Since /j belongs to a 
basis of Lz (Nakayama's lemma), we conclude that A is divisible by p, hence for some 
fi € W[z]/{z'^ — P^) we have Hsjfi = ^ifi+i Therefore HsjTn C Tn, which shows 

that a„ is a W[z\/{z'^ — pe,p")-valued point of Zillsj). 

It follows that (j)n must factor through S/L Assume now that I 7^ 0. Then we find 
7^ rTo + s G / and a sufficiently large n such that r(^ + z) + s does not vanish in 
W[z\/{z'^ -pe^p^). Therefore for such n the homomorphism will not factor through 
S/L This contradiction shows / = 0, hence any element of / is divisible by 60^0 — 2a— cTi. 
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Claim: Any element of I is divisible by p"^{boTQ — 2a — cTi). 

The proof is the same as the proof for the first step in part i) and will therefore be 
omitted. It follows that either I = {p'^{boTo — 2a — cTi)) or / = 0. 
Claim: I/O. 

Proceeding as in part i) this will be done by constructing a lifting of the Hodge 
filtration of x over W[z]/{z'^ — p, which is stable under psj, but not stable under 

j. Again let L = L be the Dieudonne module of x. Then a basis of L is given by 
ei, 62, 63 = Ilei, 64 = p~^Ue2- Let 

L, = L^wW[z]/(z^ -p), 

and let 

P = L®w W[z]/{z^ - p,p^+') = L,/p^+^L,. 

Since c and are units (see [KRlj ). we can choose t such that is not congruent 

to ^ modulo p. Define 

/o = te2 + z{ei + 62) G L^, 
/i = 63 + pe4 + ztci G Lz. 

Denote again by /o resp. /i the image of /o resp. /i in P and define a Hodge filtration 
T ^ P by = < /oi /i >• As above we see that it lifts the Hodge filtration of x, in 
particular that H/q = zfi and H/i = z/o holds. Using p \ a and p | 6 = pbo we calculate 
in L^: 

PSjfo = p^zct^^fo mod p™'^^ and psjfi = p'^zbotfi mod p"^^^, 
showing that psjj^ C J^. Writing a = pao we also calculate 

Usjfi = p'^ztbo ■ ei + {-p'^ztao + p'^c) ■ 62 mod 

We claim now that ILsjJ^ ^ J^. Otherwise we would have in particular Hsjfi E J^. We 
then find r £ W[z]/{z'^ — p) with Hsj/i = r/omod p'^+i^ hence, 

r(t + z) = -p"'ztao +p"'c mod 
rz = p^ztbo mod p^^^. 

Subtracting the second congruence from the first and multiplying the result by z we get 

rtz = p'^zc mod p^~^^, 

and on the other hand multiplying the second congruence by t we get 

rtz = p"'zt\ mod p'^+K 

We conclude that c— t^6o = mod z and hence that c—t^bo = mod p, which contradicts 
the assumption we made on t. Hence HsjT ^ J^. This confirms the claim and ends the 
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proof of ii). 



Proof of in). In this case a is a unit and b is divisible by p, see |KRlj . Since 
i'p{det{psj)) > 1, it follows that m > 1. We start as in part i) by showing first that in 
some affine neighborhood the ideal I of Z{j) in Z{psj) contains the ideal p^. The proof 
is the same, so it will be omitted. Using the equations for Z{psj), which are now given 
in a neighborhood of x by Top*" = Tip™ = (see |KR1| ). it follows that / is either the 
zero ideal or equals (p™"). Thus we must show again that / 7^ 0, which will be done by 
constructing a lifting of the Hodge filtration of x over W[z]/{z'^ — p, zp™+^) which is 
stable under psj, but not stable under j. Again let L = L be the Dieudonne module of 
X, and consider the basis ei, 62, 63 = Ilei, 64 = p~^Ile2 of L. Let 

L, = L^wW[z]/{z^ -p), 

and let 

P = L®w W[z]/{z^ - p, zp^) = L,/zp^L,. 

Define 

/o = 62 + z{ei + 62) G Lz, 

fl = 63+^64 + 264 G L^. 

Denote by /o resp. fi the image of /o resp. /i in P, and define a filtration ^ ^ P by 
^ = < /o) /i >• By the same reasons as in part i) it lifts the Hodge filtration of x, and 
we have the relations H/q = zfi and H/i = zfo . By |KR1| , in this case b is divisible by 
p and a is a unit. We calculate 

psjfo = — p™a/o mod zp™ and psjfi = p™a/i mod zp"^, 

showing that psjT C T. We also calculate, 

Usjfi = p^^a ■ ei + {-p'^-^za + p™c - p"^a) • 62 mod p™. 

Proceeding as above we assume HsjJT c and have in particular Hsjfi G J^. Hence we 
find r G VF[2;]/(z^ — p) with Hsj/i = r/o mod zp™" and hence 

(1 + z)r = -p'^'^za + p'^c - p^a mod zp™, 
zr = p^a mod zp™. 

Subtracting the second congruence from the first and multiplying the result by z, we get 

zr = —p^a mod zp*", 

which is a contradiction to the second congruence since a is a unit and p 7^ 2. Hence 
lisjF ^ F. This completes the proof of the proposition. □ 

Let g G End(A^, V). Following |KR1| §4, we denote by Z[gY^^^ the closed subscheme 
of Z[g) defined by the ideal sheaf of local sections with finite support. 
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Corollary 2.10 If p > 3, and j is ^-special with j'^ 7^ and fp(det(sj)) > —1, the 
antispecial cycle Z{j) is a divisor and equals Z{psj)'^^'^^ . 

Proof. It follows from the proof of Proposition 12.81 and from Proposition 12.91 that 

zur'^'^ = z{j) = zips.r^'. (2.12) 

□ 



3 Intersection calculus of antispecial cycles 

We keep our fixed ramified automorphism * of order 2 of B. In this section we calculate 
the intersection number of two antispecial cycles. 

On the space Qp-vector space V[*] we have a quadratic form 

qU) = {psjf = -p^det(sj). 

(sj is special and hence s| G Qp, see [KRT] . p. 167.) Recall that Sj = L{b-^)j and 
b1 = ri*P- We also consider the quadratic form 

Qii) =f =P~^V*Q{j), 

Suppose we are given two *-special endomorphisms ji and j2- We assume that jf 
and i/p(det((sj)i)) > — 1 for i = 1,2 . Following the general definitions in |KR1| . §4, we 
define the intersection number of their associated cycles by 

(Z(ii),Z(i2)) = x(OzOi)®'^ Ozin)), 

where x denotes the Euler-Poincare characteristic and ®^ denotes the derived tensor 
product. 

By [KRl] . Lemma 4.3, 

(z(ji), z{h)) = (z(ji)p--, zinY^^'^). (3.1) 

We define j to be the Zp-span of ji and j2 in V[*\ and we assume that j has rank 2. 
Let (3 be the bilinear form on j associated to the quadratic form q, 

I3{x, y) = q{x + y)- q{x) - q{y). 

If j is nondegenerate with respect to this bilinear form, it follows from |KRlj . Theorem 
5.1 that {Z{ji), Z{j2)) depends only on j (write ji = L{b^){sj)i and use that {sj)i is 
special). 

On the other hand, since p 7^ 2, we can choose a Zp-basis j,j of j, for which the 
matrix of (3 is diagonal, 

T := f i^^/^'l, '^^^i':/^) = diag(r/i/S,?2/^) (3.2) 



f3{j,j ) q{j 
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where r?i , r/2 € and (3i < (32. 

Define G and G N by rj^-qipl^^'^ = ejp"'. Then ai < a2- If Ji) ^2 is a basis 
of j for which T has the form diag(r/ij»'^i, 772^^^) then Q{ji) = jf = £iP°'^- The numbers 
/3i and hence the are invariants of j. In case /3i < /?2, the units rji and are up to a 
square uniquely determined by j as welL Using (|3.ip and (I2.12p we get from Theorem 
6.1 of |KR1| directly an expression for {Z{ji), Z{j2)) using the invariants f3i and rji of j 
defined by the quadratic form q. For later use we translate this formula into an expression 
depending on the invariants and defined by the quadratic form Q. 

Theorem 3.1 Let p > 3, let ji,j2 G V[*], and let j be their Zp- span in End(A^, y). 
Assume that j is of dimension 2 and nondegenerate. Using the same notations as above 
the following formula holds 

(Z(ji),Z(j2)) = 

{p("i+i)/2 + 2 P'"'p''f if ai IS odd and x{v*si) = -1 
(a2 -ai + l)p("i+i)/2 + 2 P'°'p''f if ai is odd and x{v*£i) = 1 
p«l/2+l_l 

^ p^i — ai IS even, 

where x denotes the quadratic residue character on "Lp resp. . 

(Note that in case ai = 02 this expression does not depend on ei. Note also that £^: 
is well defined up to multiplication by a unit of Zp and hence x{v*) is well defined.) □ 

Remark 3.2 Theorem 13. II is still valid for p = 3 provided that ai > 1. Indeed, the only 
point where we used p > 3 is in Lemma 12.61 for the nilpotence of the pd-structure of the 
maximal ideals of rings of the form A = —pe,x^). These rings are only needed 

in the proof of Proposition 12.91 Looking back at this proof and using the same notation, 
we see that in case (?) and in case {Hi) we do not need these rings if we only want to 
determine Z(j)P'^'^^ in a neighborhood of the superspecial point x we are considering. In 
case {a) rings of the above form are also needed to determine Z(j)P"'''^ in a neighborhood 
of X if and only if m = 0. But in this case we have Up{{psj)'^) = 1, since a is divisible by 
p and 60 and c are units. Hence, if p = 3 and ai > 1 (and hence /3i > 1), we see that 
Z{ji)^^^^ and Z{j2Y™^^ are given by the same equations as in case p> 2>. 

4 An application to Arithmetic Hirzebruch-Zagier cycles 

We consider a supersingular formal p-divisible group A over k of height 4 and dimension 
2 which is equipped with an action 

io : Zp2 End(yl), 

such that A is special with respect to lq. We further assume that A is equipped with a 
polarization 
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A : A > A, 

such that for the Rosati involution ioid-)* = l-o{cl). 

We consider the following functor M.^^ on the category Nilp of T^-schemes S such 
that p is locally nilpotent in Os- It associates to a scheme S G Nilp the set of isomorphism 
classes of the following data. 

(1) A p-divisible group X over S, with an action 

iQ : Zp2 End(X), 
such that X is special with respect to this Zp2 -action. 

(2) A quasi-isogeny of height zero 

g ■ Ax Spec k S ^ X Xs S, 

which commutes with the action of Zp2 such that the following condition holds. Let 
: A-g — > A-g be the map induced by A. Then we require the existence of an 
isomorphism X : X ^ X such that for the induced map A^ : X^ — > X^ we have 
A5 = ^ o A^ o ^. 

(Here, as in the preceding sections, a p-divisible group X over S with Zp2-action is 
said to be special if the induced Zp2 (g) O^-module LieX is, locally on 5, free of rank 1.) 

Denote the isocrystal of A by A^. From the polarization A we get we a perfect 
symplectic form (, ) on the Dieudonne module of A and hence also on A^. Let Aq be a 
T^-lattice in A^ which is stable under F and V and under the action of Zp2 and for which 
the dual lattice equals Aq (via the identification induced by (, ).) Then setting C = {Aq} 
and Ob = Zp2, the functor is a special case of [RZ| . Definition 3.21. (In this 

definition there are imposed some additional conditions which are automatic here.) By 
Theorem 3.25 of loc. cit. the functor Ai^^ is representable by a formal scheme which 
we also call A4^^ . This formal scheme is formally locally of finite type over W and is 
formally smooth over Zp. 

Following |KR2| . §5, we define in this context the space of special endomorphisms 

V' = {j G EndiN); jioia) = ioia^j and j* = j}, 

where * denotes the adjoint with respect to the alternating form (,). As shown in 
loc. cit., y is a 4-dimensional vector space over Qp with quadratic form 

Q{j)=f- 

For j G V' we define the special cycle Z{j) associated to j to be the closed formal 
subscheme of M.^^ consisting of all points {X, g) such that g o j o lifts to an endo- 
morphism of X. Again, the fact that Z{j) is a closed formal subscheme of M.^^ follows 
from [RZj . Proposition 2.9. 
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We fix ji G V' with = eip for some unit £i G . (In fKR2j . p. 188 the space V' 
is described more precisely and from this description one easily sees that such ji exist.) 
Our next aim is to identify Z{ji) with the Drinfeld moduli scheme M. introduced in §2. 
Let £ G Z^2 be such that e ■ e"' = ei. Let {X,g) G Z{ji). We define an O^-operation 
i on the points X by keeping the Zp2-action to and by setting iili) = Since 
A has height 4, for any point (X, g) the p-divisible group X also has height 4. Since 
X is special, it has dimension 2. We must check that the condition given in (2) in the 
definition of M.^^ is automatic for M.. But this is done in the proof of Proposition 3.3, 
Chapitre III of [BC| . (We may suppose that X is superspecial. Then the diagram on p. 
138 of loc. cit. in case S = Spec(i?), where is a Z^^'-algebra in which p is nilpotent, is 
the diagram that we need in this case (in loc. cit. the isomorphism A is called p). Since 
the solution for A is unique in this case, we get the general case by glueing the solutions 
in formal neighborhoods of the geometric points.) 

We define 



V [ji] = {j G y I J -L Ji with respect to the bilinear form associated to Q}. 
Lemma 4.1 Let j,j G V . Then Lo{5)j j has trace 0. 

Proof. We can choose a basis 61,62,63,64 of the Dieudonne module M of ^ such that 
61, 62 G Mq and 63, 64 G Mi and such that the matrix of j resp. the matrix of j has the 
form 

/ d -b\ ( d\ -b'\ 



J 



a b 
\c d 



resp. J 



J 



a b 
\c' d' 



I 



(Compare the proof of Proposition 14.51 below or |KR2J, §5.) The diagonal entries of jj' 
are {da — be), {—cb + ad ), {ad — be), {—cb + da). Since lo{5) acts on Mq by multipli- 
cation by 6 and on Mi by multiplication hy —5, the claim follows. □ 



Proposition 4.2 Let * = Int(5ji) where we identify B with Qp2[ji]. If j G V^'[ii] then 
j is ^-special. 

Proof. Since for j G V^'[ji] we have ji{5)j~^ = i{—S) and jjij^^ = —ji, it follows that 
i'-(o)i~^ = t'{a*) for all a ^ B. Using lemma I^TTI the claim follows. □ 

Prom this proposition we conclude 

Corollary 4.3 Let j G V^'bi]- Identifying Z{ji) with M. as above, the intersection 
Z{ji) n Z{j) equals the antispecial cycle Z{j) in M. □ 

Remark 4.4 In [KR2| . p. 243 it is erroneously asserted that conjugation by j G F [ji] 
induces the main involution on B. 
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Proposition 4.5 Let j G V' be such that Q{j) 7^ and Z{j) ^ 0. Then Z{j) is a 
divisor in M.^^ . 

Proof. Let x G M.^^ be a closed point which belongs to Z{j)^ and let R be the local 
ring Oj^HB ^. Let J be the ideal of R coming from the ideal sheaf of ^(j), and let m be 
the maximal ideal of R. We must show that J is a principal ideal. Let A := R/{mJ), 
and let A := R/J. We have A = A/ 1, where / = J/(mJ). By Nakayama's lemma it is 
enough to show that / is a principal ideal. Since P = 0, the ideal / carries a nilpotent 
pd-structure. Now A is separable and complete for the topology defined by the ideal (p). 
Therefore, by considering projective limits, it follows that we can apply Grothendieck- 
Messing theory for the pair A, A. There is an A- valued and an A- valued point of M.^^ 
in the natural way. The latter also gives an A- valued point of Z{j). Let M be the value 
in A of the crystal of the p-divisible group belonging to the ^4- valued point of Ai^^ , and 
let M be the value in A of the crystal of the p-divisible group belonging to the ^-valued 
point of A4^^ . These are free modules of rank 4 over A resp. A, which are equipped 
with a perfect alternating form (, ) and a Zp2-action to such that ^0(0^) is selfadjoint. We 
have M = M i^a A. From the Zp2-actions we get Z/2-gradings M = Mq © Mi resp. 
M = Mo©Mi. 

Let ^ ^ M be the Hodge filtration over A corresponding to the ^-valued point 
of Z{j). (The submodule is free of rank 2 and stable under Zp2 and under j.) By 
Grothendieck-Messing Theory, to a lifting of the corresponding p-divisible group over A 
corresponds a lifting of the Hodge filtration over A. Let ^ M be the Hodge filtration 
corresponding to the ^-valued point of M.^^ . This lifts the Hodge filtration over A. 

Let {61,62,63,64} be a basis of M such that 61,62 G Mq and 63,64 G Mi. Then the 
images of the 6, in M form a basis of M. We may suppose that {62,63} is a basis 
of J^. Since Mq _L Mi (which follows from the fact that to(5) is selfadjoint), and since 
the determinant of the matrix of the bilinear form (, ) is a unit, we may suppose that 
(61,62) = (63,64) = 1. As in |KR2| . §5 it follows that with respect to the basis 61, ...,64 
the matrix of j has the form 

where ji G Hom(Mj,Mj+i) and j'l = Jq. Further for 



Jo = 

we have 

Ji = Jo 



a b 
c d 



d -b 
-c a 



Since T lifts we find a basis /o, /i of T such that /o = 62 + miei and /i = 63 +771464 
for some 772-1,7774 G /. 

Now, let b C I be an ideal in A and let B = A/b. 
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Claim: The map SpecB — > M.^^ factors through Z{j) if and only ifbrrii—cmi—d = 
in B. 

By the same reasons as above we may apply Grothendieck-Messing theory to the pairs 
B, A and A, B. Let Mb be the value in B of the crystal of the p-divisible group belonging 
to the 5-valued point of M^^. It equals M 0^ B. To the lifting Spec 5 M^^ of 
Spec A — > corresponds the Hodge filtration Tb ^ Mb, where Tb = ^ 0a B. 

(Note that the map Spec A ^ M^^ lifts Spec 5 M^^.) 

In Mb we have j(/o) = be^+dei+mi{ae^+ce4) . The image j(/o) lies in J^b if and only 
if j(/o) = xfi vuMb for some x € B. That means 663+^64 +711,1(063+064) = x(63+m464) 
in M.B, hence x = b + ami and xm^ = d + cmi in B, and hence 



Evaluating the corresponding condition for j(/i) one gets the same equation. This con- 
firms the claim. 

In case b = / it follows in particular that bm^ — cmi — d = in ^. Hence in A 
we have an inclusion {bm^ — cmi — d) C I. Therefore we can apply the claim in case 
b = (6/77,4 — 6777,1 — d) and conclude that the map Spec ^7(6771,4 — 6?77i — d) —>■ M.^^ 
factors through Z[j). On the other hand, by definition, / is the minimal ideal of A 
with the property that Spec^/I M.^^ factors through Z{j). It follows that / = 
(f)7T74 — emi — d). 

It remains to show that the equation for Z{j) is nowhere trivial. If the equation is 
trivial in some local ring of A4^^ then it follows that there is some (open) formal affine 
neighborhood in which the equation for Z{j) is trivial. If the equation for Z{j) is not 
trivial in some local ring of M.^^ then it follows that there is some (open) formal affine 
neighborhood in which Z{j) is given by one non trivial equation. It follows that the 
set of points of A4^^ in whose local ring the equation for Z{j) is trivial and the set of 
points of A4^^ in whose local ring the equation for Z{j) is not trivial are both open. By 
[KR2j . Lemma 8.2 the latter set is not empty. Since M.^^ is connected, it follows that 
the equation for Z{j) is nowhere trivial. □ 

Lemma 4.6 Suppose that j € Then 



More precisely, the object of the derived category on the l.h.s. is represented by the r.h.s.. 

Proof. By Proposition 14.51 we know that Z{ii) = 7W is a divisor in M.^^ . Hence, 
locally on Ai^^ , there is an exact sequence 



j{fo) £ T <^ bm/i — cmi — c? = in i?. 








f 



^ o 



^ 
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Hence we only have to show that Tor^ ^ {Oz[j^), C>z[j)) = 0. So we have to show 
that in every local ring of Z{j) the image of / is not a zero divisor. For this we consider 
a local ring of M.^^ . Let g = be the equation for Z{j) in this local ring. (The proof 
of Proposition 14.51 shows that Z{j) is in fact given by one equation in any local ring 
of M.^^ ) Then we have to show that g and the image of / in the local ring have no 
common prime divisor. (Since is regular, its local rings are unique factorization 

domains.) Assuming the contrary it would follow that M and Z{j) have a common 
component. But this contradicts the fact that their intersection is pure one dimensional 
by the results of section 2, which we can apply because of Corollary 14.31 □ 

Let ^2; is € ^'[ii] be such that the Zp-span j = Zpj2+Zpj3 has rank 2 as a submodule 
of V and such that Q induces a nondegenerate bilinear form on j. We further suppose 
that the matrix of the bilinear form on j associated to Q with respect to the basis j2, js is 
equivalent to diag(e2P^^, esp^^) with G Zp and 1 < P2 l£ Ps- In this situation we define 
the intersection product of Z{ji), Z{j2) and ^(js) by the Euler-Poincare characteristic 
of the derived tensor product, 

(Z(ji), Z(j2), Z{h)) := xiM""", Ozu,) Oza,) ®^ ©zOa))- 

This is well defined since Z(ji) n Z{j2) fl Z{j3) is proper over Spec/c. Indeed, Z{ji) n 
Z{j2)nZ{js) = {MnZ{j2))n{Mnzljs))). This is included in Z{Uj2)nZ{Uj3) regarded 
as an intersection of special cycles inside Ai. But this is proper over Spec A; by ^KRlj . 
Proposition 3.6 and Corollary 2.14. 

Proposition 4.7 There is an equality of intersection multiplicities on M.^^ resp. A4, 

(Z(ii), Z(i2), z{h)) = {{M n Z(j2)), (M n zih))), 

where we regard the intersections M Pi Z[ji) as antispecial cycles in Ai, cf. Corollary 

El 

The latter intersection multiplicity is given explicitly by Theorem 13. II for * = Int((5ji) 
after replacing ji,j2 in this theorem by j2j js- 

Proof. We have 

=X(A1^^, (Ozo,) ®^ Ozo.)) {Ozin) <^zu,))). 

By Lemma [131 and since Z{ji) = M., the latter expression equals 

X{M, {Om ® Oz(,,)) {Om ® Ozoa))) = X{M, OMnzin) ®^ OMnz{n)) 

=iiMnzij2)),iMnz{h))). 

Using Proposition 14.21 and Corollary 14.31 it follows that this intersection multiplicity can 
be calculated as in Theorem 13.11 for * = Int((5ji). □ 
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5 Representation densities 



We recall that, for S € Symm(Zp) and T £ Sym„(Zp) with det(5) ^ and det(T) ^ 0, 
the representation density is defined as 

ap{S,T) = lim p-M2m-n-i)/2 I 1^ g M^,„(Z/p*Z); S[x] - T e p*Sym„(Zp)} | . 

t — ^oo 

Given 5 as above, let 




Then there is a rational function As^t{X) of X such that 

apiSr,T) = As,T{p-l. 

Let 

a;{S,T) = ^{As,t{X))\x=i. 

(Comp. [KRl] . §7.) 

Let ji be as in section 4, and let j2,i3 G [ji] also be as in section 4, i.e. such 
that the Zp-span j = Zpj2 + Zpjs is of rank 2 and nondegenerate for the bilinear form 
associated to the quadratic form Q, and such that the matrix of this bilinear form on 
j with respect to the basis j2, j's is equivalent to diag{e2P^^,£3P^^) with G Zp and 
1 < /32 < /^s- Let S = diag(l, —1, 1, —A). Then T = diag(eip, £2P^'^ , ^sP^'^) is represented 
by the space V , hence T is not represented by 5, see [KuJ, Proposition 1.3. 

Theorem 5.1 Using the notation just introduced we have 

4 

{Z{ji),Z{j2),Z{h)) = - (y2^l^(y2_l) «p('^'^)- 

Proof. Let r] £ Zp , and let S{r]) = diag(l, —1, 1, —r]) so that S = S{A). Then it follows 
from [S], Lemma 3.5, that there is a polynomial griX) € Z[X] such that ap{S{rj)r,T) = 
9T{x{'n)'P~^~'^)- On the other hand, by [Kaj there exists a polynomial friX) S Q[X] with 
ap(S'(l)r., T) = fT{p~^)- Hence for any r G N we have gT{p~^~'^) = frip'^) and hence 
grip-'^X) = MX). Therefore ap(5,,r) = M-p-n and hence .45,t(^) = M-X). 
Katsurada's polynomial friX) is given explicitly in [Wj. Following this article, we can 
write 

fT{X)=%{T;X)Fp{T;X), 

where 

%{T;X) = {l-p~^X){l-p~^X') 

and where Fp{T;X) is defined as follows. First we define some invariants of T = 
diag(eip, e2P^^ , e^p^"^ ) . Let 




x{-£i£2) if h is odd, 
if (^2 is even. 
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and let 

'2 if /32 is odd, 
1 if is even. 



Further, let 

+1 if T is isotropic. 



By [W], 2.11, we then have 



-1 if r is anisotropic. 



1 (l+/32-fT)/2-i 

i=0 j=0 

1 (l+/32-CT)/2-i 

1 /33-/32+20--4 
_^ |2^(l+/32-(7+2)/2 ^ ^ |j^/32-a+2+i+i_ 

To distinguish whether T is isotropic or anisotropic we recall the following fact (see [W| . 
p. 189). Let i,j G {1,2,3} with i 7^ j and = /3j mod 2, and define k £ {1,2,3} by 
{i,j,k} = {1,2,3}. Then T is isotropic if and only if x{~^i^j) = 1 or = Pj mod 2. 
On the other hand, since T is represented by V we have 

-1 = (-l)l+A+A^(_i)l+/32+/33+l-/32+l-/33+/32/33^(£^)/32+/33^(£2)l+/33^(e3)l+A^ (5,1) 

see [K^, (1.16). 

Now we evaluate 0^(5, T) = ^{%{T; -X)Fp{T; -X))\x=i. We show that ap{S,T) 
equals —(1 +p~^)(l — p~'^) times the expression given in expression given in Theorem 
I3.1l in case * = Int((5ji) (comp. Proposition 14. 7|) after replacing ei resp. £2 and ai resp. 
02 in Theorem 13.11 by £2 resp. £3 and j32 resp. /?3. In the notation of Theorem 13.11 we 
have ry* = — A£i . (Note that by Remark 13.21 (using /3 > 1) we do not need to exclude 
the case p = 3.) Using these substitutions we distinguish the same cases as in Theorem 

EH 

First case: (32 is odd and x(— A£i£2) = —1, i.e. x(— £1^2) = 1- 
It follows immediately that = I and a = 2. 

By (|5.ip we get —1 = (— l)^^x(~^i^2)^''''^^, hence (5s is odd. »From the criterion 
above we see that T is isotropic and hence t] = 1. Now an easy calculation shows 
Fp{T;-l) = and 

a „(/32+l)/2 1 

^Fp{T; -X)lx=i = -/32 - /?3 - 3 + p^^^+^^Z^ + 2^ 

oX p — 1 

which yields the claim in this case. 

Second case: P2 is odd and x{—^£i^2) = 1; «-e. xi~^i^2) = — 1- 
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It follows immediately that ^ = — 1 and cr = 2. We distinguish the subcases /^s even 
and P3 odd. 

If P3 is even we see from the criterion above that T is anisotropic and hence rj = —I. 
If ^3 is odd the criterion shows that T is isotropic and hence r] = 1. 
In both cases an easy calculation shows Fp{T; —1) = and 

^Fp{T; -X)\x=i = -/?2 - /?3 - 3 + {(3s - P2 + l^^'^^+D/a + 2^ , 

oX p — 1 

which yields the claim in this case. 
Third case: (32 is even. 

It follows immediately that ^ = and a = 1. We distinguish the subcases P3 even 
and Ps odd. 

If (33 is even we get »from (|5.ip that x{~^2£3) = 1, and by the criterion above T is 
isotropic in this case and hence ry = 1. 

If Ps is odd we get »from (|5.1|) that x{~^i^3) = ~1) and by the criterion above T is 
anisotropic in this case and hence rj = —1. 

In both cases an easy calculation shows Fp{T; —1) = and 

— Fp(r; -X)\x=i = -/?2 - /?3 - 3 + , 

oX P — 1 

which yields the claim in this case. □ 
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